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BTopada MmonoaocTb
dopmynbl ['epoHa,

i
D

nnu Novyemy KysHedHble Mexa Heslb3s
caenatb B OpMe MHOrorpaHHMKOB

N.X.Cabutos

0 CTYAEHYEeCKUX neT MHe
3anomHunock  obpasHoe
onucaHue npouecca nosHa-

HUS MuUpa, KoTopoe s mpoyuTan y

[.CneHcepa, nwbumoro dwunoco-

da repoeB-uHTENNekTyanos [xe-

ka NoHpoHa. CneHcep cpaBHMBan
npouecc MONy4YyeHUsi HOBbIX 3Ha-

HUIA C paclupsatowencs chepon:

BHYTPEHHOCTb cdepbl 3anornHeHa

YK€ WM3BECTHbIMU HaM 3HaHUAMM,

TOYKM BHE cepbl COOTBETCTBYHOT

TEeM CBOMCTBaM OKpyKalLlero Hac

MUpa, O KOTOPbIX Mbl NMOKa He [o-

ragbiBaemcsi, U MnoaTomMy Mbl He

MOXEeM f[axe CTaBUTb O HUX BO-

npocbl, @ BOMNPOCbI MOXHO 3aja-

BaTb NUIIb B Touykax cdepsbl, T.e.

Ha rpaHuLe 3HaHUSI U He3HaHUS.

NcTopus npobnembl “Ky3HEYHbIX

MexoB”, 0 KOTOPON Mbl XOTUM pac-

CckasaTb, — OYeHb Xopoluas unto-

cTpauusa aton mbicnu CneHcepa.

C yero Bce
Ha4YMHanochb

[Mpobnema “ky3He4YHbIX MexoB”
nosBunacb B Teopuum u3rnbaHumn
MHOTOrpaHHWKOB, U Mbl Ha4YHEM C
M3MOXEHUS OCHOBHbLIX TMOHATUN
3TON Teopum.

MN3eubaHuemM MHOrorpaHHuka
Ha3blBaeTCA Takasd HenpepbiBHas
ero gedopmauus, npu KOTOPomn m3-
MeHsieTcst XoTs 6bl OAWMH M3 fOBYy-
rpaHHbIX yrnoB npu pebpax, HO

© WN.X.Cabutos

Udxad Xakoeud Cabumoe, 0okmop pu3uKo-
MamemMamuyecKkux Hayk, OoueHm kagedpsl
) MameMmamu4ecKko20 aHanu3a MexaHuKko-mame-

Mamuyeckoeo ¢akynbmema Mockoeckozo 2o-
cydapcmeeHHo20 yHusepcumema um.M.B.Jlo-
moHocoea. Obnacmb Hay4YyHbIX UHMepecos —
dugppepeHyuanbHasa u duckpemHass zeomem-
pusi, 8 mom 4qucne npobnema u3leubaHusa u

uzomMempuyeckux nozpyxeHuli MHo20epaHHU-
- kog. Jlaypeam mex0yHapoOHO20 KOHKypca
um.H.N.Jlobayesckozo (1997).

rpaHnW OCTalTCH KOHTPYIHTHBIMU
(paBHbIMU) ucxogHbiM. WHaue ro-
BOps, B Teopuu u3rnbaHuii rpaHu
MHOTOrpaHHWka paccmaTpuBatloTcs
KaKk abConTHO TBEPAbIE MNACTUH-
K1, cnocobHble BpalwaTbCa BOKPYT
pebep n BepwwuH. Ha “nHxeHep-
HOM” A3blke 3TO O3HayaeT, 4To
BOonb pebep rpaHu umeroT Lwap-
HUPHbIE CBA3W, @ BEPLUMHBI MHOTO-

rpaHHuKa cynTatTcs chepmyecku-
MW WwapHupamu. Ecnu mHororpaH-
HWK gonyckaeT gedopmauunto Tako-
ro Buaa, OH HasbiBaeTca usaubae-
MbiM, B NPOTUBHOM criyyae — He-
uszaubaemsbim.

MpocTenwmnin npumep wusruba-
HWS MHOTOrpaHHWKa — OTKpbITME
MW 3aKpbITUE KHUMK C TBEPAON 06-
MOXKOW  (MHOTOrpaHHUK MoOXeT
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nmeTb kpait). lMpumepbl NOCMOX-
Hee: TpexrpaHHbIi yron Heusruba-
€M, a N-rpaHHbIi yron npu n>3 uns-
rmbaem n umeet n—-3 cTeneHu CBoO-
6oabl gecdopmaumin. Ecnn mHoro-
rPaHHMK eLle croxHee, n ocobex-
HO €eCcnn OH 3aMKHYTbIl, T.e. He
nmeeT Kpas, uccrnegoBaHue ero
nrnbaemoctn — yxe CnoxHas
mMaTemMaTuyeckas 3ajava, Tak Kak
n3rnbaHns BCex MHOTOrpaHHbIX yr-
NMOB NpU BepLIMHax LOMKHbI 6bITh
cornacoBaHbl mexay cobow. Mep-
Bbll 3HAYUTENbHBIN pesynbTart B
Teopun u3rnbaHuit MHOrorpaHHu-
koB nonyyun O.Kowwu, ybs 3Hame-
HuTas Teopema (1813) yTBepxnaa-
eT, 4YTo /110600 8bINyKAbIl MHO20-
epaHHUK Heusa2ubaem. Bonpoc o
TOM, ObIBAlOT NN 3aMKHYTbleé MHO-
rorpaHHukn nsrnbaembiMu, gonroe
BpeMsi ocTaBancs  OTKPbITbIM.
JInwb B 1897 1. 6enbrunckuin nHxe-
Hep P.Bpukap gokasan, 4To cyuie-
CTBYIOT wu3rnbaembie oKTa3gpbl
(cxemy cTpoeHus okTasgpa CM. Ha
puc.1), 1 gan MNOMHY UX Knaccu-
dukaumno. Okaszanocb, 4TO €CTb
Tpu TuMna narnbaembix OKTa34pOB.
Jaavm ona npumepa onucaHue ok-
Tas4poB NepBoOro Tuna.

lMycTb yYeTbipexyronbHuK L:
ABCD (oH MOXeT BblTb U NpOCTpaH-
CTBEHHbIM) VMEET NonapHO paBHbIe
NPOTUBOMONOXHbIE CTOPOHBI
AB=CD v BC=DA. Torga nerko no-
KasaTb, YTO Y Hero Bcerga ectb OCb
cuMmmeTpun p, npoxoasqwias uvepes
cepeauHbl guaroHanen AC w BD

Puc.1. Modenb 8binykmnozo
okmaadpa.

(ecnu yeTbipexyronbHUK L nnockun,
TO OH — napannenorpaMmm € OCblo
CUMMETPUN p, Npoxoasilen yepes
TOYKY nepeceyeHus [uaroHanen
nepneHanKynspHO ero MiocKocTK).
Bo3bMem B MnpocCTpaHCTBE MNpous-
BOMbHY TOYKy N, He mexalyyto Ha
OCV CUMMETPUU, U, COEQUHNB €€ CO
BCEMW BeplMHamu L, nonyynm ve-
TbipexrpaHHbiin yron P: NABCD, ko-
TOpbINA, Kak ObINo ckasaHo, n3rnba-
em. MNycte N’ — To4ka, cUMMETpUY-
Has N OTHOCWUTENMbHO MPSIMONA p.
MocTponM YeTbipexrpaHHbl yron
P:N’ABCD w ckneum P n P’ BOonb
obuwero kpas L. HoBbIn 3aMKHymbili
mMHororpaHHuk NABCDN’ 6ypet
UMETb TaKoM Xe 3aKOH COeaAUHEHNS
rpaHen, Kak v oktasgp Ha pwuc.1.
Mpu unsrmbaHun yactm P vactb P’
n3rmbaetca Tak, Yto TOo4ka N’ Bce
BpeMs nepemMeliaeTcs CMMMETpUY-
HO N OTHOCWTENbHO NEepeMeHHON
OCU CUMMETPUM YeTblpexyronbHuKa
L, T.e. obe yacTu usrmbarTCca co-
rMmacoBaHHO. NTak, oKTasap
NABCDN’ (puc.2) oka3blBaeTcs u3-
rmbaembim.

Jlerko 3ameTuTb, 4YTO MOCTPO-
€HHbIl MHOTOTpaHHUK UMeeT camo-
nepeceyvyeHuns; 3TO Xe BEepHO 1 Ans
oCTalbHbIX TUMNOB OGpuKapoBCKUX
okTtaagpos. N xoTta nocne bpwuka-
pa nccnefoBaHusa n3rnbaembix Ok-
TasgpoB pasHbIMU APYTMMU METO-
JaMu NpoAoKanuch, HO rMaBHOrO
pesynsTata — npumMmepa usrubae-
MOTO U 8/10)KEHHO20 B NPOCTPAHCT-
BO (T.e. He uMeloLlero camonepe-

p-0Cb CUMMETPUN
I
|

Puc.2. N3zubaembili okmaadp bpu-
Kapa, umerwul
camornepeceyeHus.

CeYEeHUNn) MHOrorpaHHMKa BCE He
ObiNno M He Obino. Bonee Toro, B
1974 r. amepuKaHCKUIA MatemaTuk
[.nak gokasan, 4To B HEKOTOPOM
CMbICIe MOYTW BCE MHOTOrPaHHUKK
Heusrnbaembl, U MNO3TOMY MOUCK
BNOXEHHOro M3rnbaemMoro MHoro-
rpaHHuKa cuyuTancsd noytu 6esHa-
OeXHbiM. Tem He meHee B 1977 1.
P.KonHennn' u3 KopHenbckoro
yHuepcuteta (CLIA) cymen noct-
poOuUTb TaKOW MHOFOrpaHHUK —
BeCbMa CMOXHYK KOHCTPYKUWIO C
18 BepwmnHamu®.

Bckope nocne KoHHennu He-
meuknn matematuk K.ltedeH
nNpeanoXxun ewe oAUH MHOrorpaH-
HUK, BCcero ¢ 9 BeplIMHaMu, KOTO-
pbIi 4O CUX NMOP OCTaeTcsd cambiM
NPOCTbHIM MPUMEPOM BITOXEHHOrO
nsrnbaemoro MHOTOrpaHHuka.
Npoes ero noctpoeHus crnegyto-
was. Ygpanue u3 OGpukapoBCKOro
okTasgpa 1-ro Tuna [Be rpaHu
ABN' n BCN’, nonyyum wnsrmnbae-
MbIi MHOrorpaHHuk Q. 6e3 camo-
nepecevyeHui, Ho ¢ kpaem ABCN’
(pacctosiHne BN’ noOCTOSIHHO Kak
anvHa pebpa BN’ B MCXOAHOM OK-
Tasgpe). bepem To4yHO Takow xe
9K3EeMMNNApP MHOrorpaHHuka Q,=Q
n cknewBaem ero no pebpam AB n
AN’ ¢ Q.. 3rubas Q; n Q,, passo-
avm BeplmHbl COQ; n COQ; (Bpa-

was mx Bokpyr npsmon BN’). 3a-
duKcMpyem HOBble MNONOXEHUS
aTux BepwuH C,0Q; n C,0Q, n ne-

peo603Ha4yMM Tak xe HOBble Noso-
XEHUs OBYX APYrux BepLUWH, nofa-
Beprwmxcsa nepemeuieHnam, — N,
N, v D,, D,. OkasbiBaeTcsi, HOBbIN
MHOTOrpaHHUK C 4-yronbHbIM kpa-
em C,BC,N’ moxHO usrnbatb Tak,
4yTO paccTosiHne C,C, bynet ocTa-
BaTbCs NMOCTOSAHHbIM! Mo3TOMY ero
Kpaln MOXHO 3akKkpblTb KPbILKOWN,
cocTosAWeENn W3 TpeyronbHUKOB
C.BC, n C,N'C,. OgHako nony4eH-

" Connelly R. /I Publications
Mathematiques, I.H.E.S. 1978. V.47. P.333—338.
2 Kaxablil nccrnegoBaTtenb 3HAET, Kak NCuxonoru-
YECKUN BaXHO BblTb YBEPEHHBIM, YTO MOUCK UCTU-
Hbl BEAETCS B HY)XXHOM HanpasneHun. Hackonbko
HeonpefeneHHon 6bina BO3MOXHOCTb Haxoxae-
HUS1 U3rnbaemoro MHororpaHHuKa, BUAHO XoTsi Gbl
13 TOro, YTO BCEro 3a ABa-Tpu roga [o nocTpoe-
HUs cBoero npumepa KoHHeNnM cepbesHo uckan
noaxoadbl K [JoKasaTenbCTBY Heusrnbaemoctu
BCEX BIIOXXEHHbIX MHOMOrPaHHWKOB.

|i|
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HbIA MHOTOTpaHHUK ByaeT BNOXeH-
HbIM He Bcerga, a TOnbKO npu on-
pedeneHHbIX CcouYeTaHuaXx ANUH
CTOpOH. Ha puc.3 paHa pasBepT-
Ka, M3 KOTOPOW MOXHO CKINeuTb
BNOXEHHbIN MHororpaHHuk LWre-
deHa u3 nucta opmarta A4.

OTtmeTtum, yTto npumepy LUTe-
deHa yxe 6onee 20 net, HO BO-
npoc O cylecTBOBaHUM u3rubae-
MOro MHororpaHHuka 6e3 camone-
pece4yeHnh C MeHbWUM (4em pJe-
BSiITb) YNCMOM BEPLUMH MOKa ocTa-
eTCs OTKPbITbIM.

MoyTn cpasy xe nocrne NOCTpo-
eHUs n3rnbaemblX MHOTOrpaHHu-
KOB OOHapy»Xunocb, YTO BCE OHMU
obnapalT yanBUTENbHBIM CBONCT-
BOM: 8 xo0e u3aubaHusa ux obbem
ocmaemcs Heu3MeHHbIM. HeunsBe-
CTHO, KTO 3aMeTun 3TO CBOWCTBO
nepsbiM. B aBrycte 1978 r. Ha
MexayHapogHoM MaTemaTuyec-
KOM KoHrpecce B XenbCuHKM KoH-
Hennu BbICKasan runoTtesy (co
ccoinkon Ha [.CynnueaHa) o TowMm,
4YTO OHO fABNseTca obwum ans
BCEX M3rmbaemMblXx MHOTOrpaHHu-
koB. Ee cnpaBeanueocTb 03Hava-
na Obl, YTO mMaTeMaTU4yeckn uae-
anbHble un3rnbaemble MHOrorpaH-
HUKW C OTBEPCTUEM Ha OA4HOW Unun
HEeCKOMbKUX TrpaHsAX Henb3s uc-
nonb3oBaTb Kak Ky3He4YHble Mexa.
[enctBnTenbHo, No W3BECTHOMY
3aKOHY Bonns—MapuoTTa
pv=const (p — paBneHue, v —
06beMm) nonyyaeTtcs, YTO NpU U3ru-
6aHMM MHOrorpaHHuka paBneHue
BHYTPU HEro W3MEHATbCH He
[AOJKHO, MO3TOMY BO34YX HU BXO-
OUTb, HW BbIXOOUTb M3 HEro He Oy-
aet®. Bot noyemy KoHHennu u Ha-
3Ban npobnemy nNocTtosHcTBa 00b-
eMa u3rnbaemoro MHororpaHHuka
rMnoTes3on “Ky3HeyHblx MexoB”
(“the bellows conjecture”).

MonbITKM peleHund
npobnemsol

WTak, noka He ObINO M3BECTHO
HU OAHOro npumepa uarnbaembix
MHOTOrpaHHWKOB, HWUKTO He 3apgy-
MblBasicsl Haj TakuM runoTeTuyec-
KN BO3MOXHbIM UX CBONCTBOM (BOT
OHO, Myapoe HabnwogeHue crapu-
ka CneHcepal). Ho o4yeHb ckopo
nocne CBOEro NOSABMEHUS runoTe-

A

Puc.3. Pazeepmka mHoeoepaHHuUkKa LLiImegeHa.

3a “Ky3He4YHbIX MexoB” cTana Ccyu-
TaTbCs OAHOWN U3 caMblX KpacuBbIX
N nNpuTsiraTenbHbIX 3agay, U MHO-
rme “usrnbanbWukn” TaWHO WNKU
SIBHO MCKanu noaxonabl K ee pelle-

Huto. [nmaBHas TPYAHOCTb — He
6biNO HUKAKOW YBEPEHHOCTU B
cnpaBegnuBOCTM runotesbl. [lo-

BUOUMOMY, MHOTME CKMOHSMUCb K
MbICM, YTO OHA HEBEpHa, U UckKa-
nu KoHTpnpumepsbl. Mpu aTOM ObI-
nM 1 KypbesHble cnyvau. Paccka-
3bIBAlOT, YTO Ha 3anage Ha ogHOM
M3 Hay4HbIX BbICTABOK Kak OMpo-
BEpPXXEHWEe 3TON rMnoTesbl AEMOH-
cTpupoBanu mogenb “m3rmbaemo-
ro” MHOrorpaHHuka, M3 KOTOpPOW
npu ee gedopmaumm co CBUCTOM
BbIXOAMN BO3AYX, TaK YTO Ha HeW
MOXHO OblNo UrpaTb, Kak Ha BO-
nblHKke. Ho nosxe BbISCHUNOCD,
4YTO B MaremMaTu4yeckoM CMbicne

¢ lo6onbITHO OTMETUTB, YTO CynnMBaH NPOBOAUI
OMbIT UMEHHO Takoro pofa: OH HAMoMHAN BHYT-
PEHHOCTb M3rMbaeMoro MHororpaHHuka Tabad-
HbIM AbIMOM W yBexaancs, YTo npu marnbaHum
MHOTOrpaHH1Ka [blIM U3 HETO He BbIXOAUT; Mo3xe
OfIHUM MOMyNSPU3aToOPOM Hayku aTo HabntoaeHne
obpa3Ho Obino chopMynupoBaHO TaK: MHOZ20-
2paHHUKU Mo2ym dsueambCsl, HO He Moaym Obl-
wame.

Moaenb Hensrnbaema, a ee “n3run-
6aHns” — cneacTBMe pacTaXEHUs
Matepuana. M3 cepbe3HblX MOMbl-
TOK MOXHO ynomsiHyTb ABe pabo-
Tbl HOBOCUOMPCKOro MaTemaTuka
B.A.AnekcaHgpoBa. B nepson wu3
HUX* OH BbIYUCNAN CKOPOCTb W3-
MEeHeHus (T.e. MPON3BOAHYH) 00b-
eMa MHOrorpaHHuka B HayanbHbIN
MOMEHT gedopmauun, npeacTas-
nswwWen NUHeRHy annpokcuma-
uuo (ananor auddepeHuynana)
narnbanua. Ecnm 6bl ckopocTb
paBHsANacb Hyfw, Mbl UMeNu Obl
[oKa3aTeNnbCTBO rUMNOTeE3bl, Tak
kKak nwbo MoMeHT wusrnbaHus
MOXHO paccMaTpuBaTb KaKk Ha-
YyanbHbIN, U QyHKUKUA (ob6bem),
nMerLas HyneBy MPOU3BOAHYIO
B nobon Touke, ByaeT, KOHEYHO,
NOCTOSAHHOW. YBbI, OKa3anochk, 4YTo
B obuwem cnyyae 3T0O He Tak
(AnekcaHgpoB NpuBen COOTBETCT-

BYWOWMWA npumep), W MO3TOMY
panbHellne MNOWCKM MOMOXMK-
TENLHOro peleHns npobnemsl

“KYy3HEeYHbIX MexoB” B pamMKkax aTon
ngen notpebosanu 66l NpusBneve-
HUSA NPOM3BOAHbIX BbICLUUX NOPAA-
KOB OT Aedopmaunn narnbaxHunsa. B
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OCHOBe BTOpON paboTbl AnekcaH-
apoBa’® nexanwu cnegytouwme coob-
paxeHus: BCe W3BECTHble NnpumMe-
pbl 13rnbaemMblXx MHOrOrpaHHUKOB
Tak WU MHayYe OCHOBaHbl Ha UC-
nonb3oBaHUM okTasgpoB bpuka-
pa, n, MOXeT ObITb, UX 06bEM Mo-
CTOSSHEH UMEHHO B CUITy 3TON Npu-
YuHbI? Torga KOHTpNpumep Hapo
nckaTb Cpeaun Apyrnx MHOrorpaH-
HUKOB, HWKaK HEe CBSI3aHHbIX C OK-
Tasgpamu bpukapa. AnekcaHgpos
noctpoun wu3rnbaemble MHOro-
rPaHHUKK, romeoMopdHble Topy, U
BblUMCNMN ux o6bembl. Okasa-
nocb, BCE OHM OCTAKTCH NOCTOSH-
HbiMM B xope u3rmbanusa! Onpo-
BEPXKEHUSA TrunoTesbl He Mony4yu-
nocb, HO MOSIBUNUCbL HOBblE MpW-
Mepbl M3rnbaembix MHOrorpaHHu-
KOB.

MHororpaHHuku
N X o0o0LWEHHbIE
o0beMmbl

Ona panbHenwero Ham MoHa-
0o0ATCS HEeKOTOopble HOBblE MOHS-
Tus n onpepenexus. MNpexae Bce-
ro onpegenuMm, YTo Takoe MHOro-
rpaHHWK C AdaHHbIM KoMGuHaTOp-
HbIM cTpoeHuneMm. MycTb ecTb Heko-
TOPOE MHOXECTBO MIOCKUX Tpey-
ronbHUKOB (Kak B AeTCKOM Habope
Tvna “Cpenan cam”) u ykasaHo,
Kakue CTOPOHbI Kakux TPeyronbHU-
KOB ckneuatoTca (Mnu, Kak roeo-
pAT MatemaTuku, omoxdecmens-
tomes) apyr ¢ gpyrom. lNpu ckneu-
BaHMM cobniogatwTca cnegywoline
npasuna: 1) oToxaecTBneHue npo-
XOOWUT MO BCEW CTOPOHe, TaK 4YTo
CKINemBalTCA CTOPOHbI paBHON
ONUHbI, U NPU 3TOM yKa3blBaKTCSH
Takxe OTOXAECTBNsAeMble BepLUu-
Hbl (T.€. CKNenBaHus cTopoHbl AB ¢
paBHON e cTtopoHow CD, npu Ko-
Topbix A ckneuBaetca ¢ C, B¢ D
nnu, Haobopot, Ac D, B¢c C — aTo
ABa pasHbix cnocoba OTOXAEeCcTB-
neHus); 2) Kaxgas cTopoHa ABNS-
eTca obwum pebpom TOnmbKO ABYX
TPeyronbHUKOB, 1 ABa TPEYrofbHU-
Ka MOTyT MpuWKrenmBaTbCs TOMbKO
No OA4HOW CTOPOHE; 3) TPEeYronbHM-

‘Anexcangpos B.A. //Cub. maT. XypH.
1989. T.30. Ne5. C.16—24.

°* OH xe // Tam xe. 1995. T.36. Ne6. C.1215—
1224.

KW, KOTopble Mocre cKieuBaHus
umetoT ogHy obuwyilo BepluHy
(o603HauYnMm ee A), MOXHO NepeHy-
MepoBaTb B HEKOTOPOM MoOpsiake
Tak, YTO KaXAbln cnegylowmin nme-
eT ¢ npeabliaywnm obuy cTopo-
Hy, ucxogsawyw us A. lNocnegHui
Xe umeeT 06Uy CTOPOHY C npea-
nocrnegHuM U nepebiM (T.e. Tpey-
roNbHUKKN € 06LLEe BEPLUMHOM MOX-
HO CXeMaTu4yeckyu pacnonoXuTb
KaK CeKTopbl kpyra, obpa3oBaHHble
HECKONbKUMW paguycamu, BoIXOAs-
WMMKU M3 LUEeHTpa; 3aMeTbTe, 4TO
YMCMO pPaguycoB OOMXHO ObITb He
MeHble Tpex). MHoxecTBO Tpey-
rONIbHUKOB C YKa3aHHbIM 3aKOHOM
OTOXAECTBIEHUS UX CTOPOH Ha3bl-
BaeTca pal3sepmkol, a 3aKOH
OTOXAECTBINEHUS CTOPOH Ha3sbiBa-
eTcsl KOM6UHamopHbIM CMpPOeHU-
eM pas3BepTku. Takum obpasom,
KOMOMHATOpPHOE CTpoeHne pas-
BEPTKM MOXHO 3agaTb CMUCKOM
BCEX TPEYroNbHWKOB U BCEX OTOX-
0EeCTBNSIEMbIX BEPLINH W CTOPOH.
Onsa kpatkocTn 6ygem ob6o3HavaTb
3TOT cnucok ogHow 6ykeon K n By-
[eM TOBOpWUTb, YTO pasBepTka
nmeetr KomOGMHATOPHOE CTpoeHwue
K.

MHoeoepaHHUK ¢ KoMb6uHamop-
HbIM cmpoeHueM K nonydaetcs
oToOGpa)keHnemMm pasBepTKkM C KOM-
6uHaTOpHbIM CcTpoeHuem K B Tpex-
MepHoe npocTpaHcTBo R:. [Ong
3TOro [OCTAaTO4HO oOTO6pasuTh
BEpLWMHblI pasBepTkn B R cneps
3a Tem, 4Tobbl OTOXAECTBNSiEMble
BEPLUMHbLI MepeLnn B OA4HY TOYKY
npocTpaHcTBa (3TO ¥ ecTb onepa-
UMA OTOXAECTBMEHUS Ha MpakTu-
ke). 3atem, 3Hasa n3 cnucka K, ka-
Kne BepLIUHbI COefMHEeHbl oToXAae-
CTBNSAEMbIMU CTOPOHaMMW, Mbl CO-
eQuvHUM B npocTpaHcTBe 06pasbl
COOTBETCTBYIOLWUX BEPLUNH OTPE3-
Kamu u nony4yum pebpa MHOro-
rpaHHWka (BOT OTOXAECTBRsieMble
CTOPOHbI W CKMeusucb BMecTe B
oaHo pebpo!). Janee, Ha OCHOBe
TOro Xe cnucka K no BeplmnHam u
CTOpOHaM MOXeM MOCTPOUTb rpa-
HW MHOrorpaHHuka. PaccmaTpuBa-
emoe otobpaxeHue Gyaem ycnos-
HO 0603HayaTb kak P: K- R® n ero

o6pa3 P(K) Ha30BEM MHOrOrpaHHu-
KOM C KOMOMHAaTOPHBLIM CTPOEHUEM
K. 3amMeTuMm, 4TO NO BHELIHEMY BU-

Ay Takas KOHCTpPyKUMS MOXeT
CWUIIbHO OTNMYAaTbLCS OT NPUBbLIYHbIX
Ham popM MHororpaHHukos. CpaB-
HUTe, Hanpumep, OKTasapbl Ha
puc.1 n 2: oHn oba nmerT 04HO U
TO Xe KOoMOGMHaTopHOe CTpoeHue,
noaTomMy oObIYHbIA OKTa34p Ha
puc.1 MoxHO 6bino Obl HasbiBaTb
KOMOUHATOPHON MOAENb OKTa’na-
pa.

MopyepkHem, 4to B P(K) moryT
6bITb CaMonepeceyeHuns, HeKoTo-
pble rpaHyM MOryT BblpOXAaTbCs B
OTpes3ku (ecnu crnyvyawHO BCe Tpu
BEPLUHbI TPaHM OKa3anucb Ha ofa-
HOW npsimoi), a pebpa — B TOYKM
n 17.40. C nepBoro B3rnsza HeESICHO,
YTO Xe HasblBaTb 06bEMOM Takoro
cnoxHoro obbvekta. MoaTomy cHa-
Yyana Hapgo o0600WMTb MNOHATUE
obbema. [lycTb komMbBuHaTOpHOE
CTPOEHME pa3BEpPTKM TaKOBO, YTO
OHa MoXeT OblTb OopueHmuposa-
Ha — TpaHuuy Kaxaoro ninockoro
TpeyronbHMKa MOXHO oBoNTU Tak,
4yTObbI 06WMeEe pebpa ABYyx cocen-
HUX (T.e. CKNEEeHHbIX BAOMb 3TOro
pebpa) TpeyronbHWKOB MpPOXOAU-
nncb 6bl B MPOTMBOMNOMOXHbLIX Ha-
npasnexusx. Mpo Takue Tpeyronb-
HUKWN TOBOPSAT, YTO OHU OPUEHTUPO-
BaHbl coeiacogaHHo. OpueHTauuo
rpaHen mHororpaHHuka P(K) onpe-
[ensieM, coxpaHsasa npu otobpaxe-
HUM P: K- R® npasuna ob6xoga

TPEyronbHWKOB pa3BepTku. Te-
nepb BCMNOMHWUM onpejeneHue
obbema opuveHTUpOBaHHOro (¢ 3a-
AaHHbIM 06X010M OCHOBaHMUA) TET-
pasgpa. Ecnu ero 3apgatb BekTO-
pamu a, b, ¢, naywmnmmn ns sepwu-
Hbl O B BepwuHbl A, B, C, cooT-
BETCTBEHHO (puc.4), TO OpUEHTU-
poBaHHbI oO6bem V; TeTpasgpa
OABC — cmelwaHHoe npoussepge-
Hue BekTOpoB a, b, ¢ (310 0ObIY-
Hbln 06BbEeM, B3ATbIN CO 3HAKOM * B
3aBUCMMOCTM OT TOFO, COCTaBNAT
N BEKTOPbI MNpaByl WU NeBylo
TPOWKY).

0606weHHbIM 0b6bemom V opu-
€HTMPOBAHHOIO MHOrorpaHHuka P
Ha30BEeM CyMMYy OPUEHTUPOBAHHbIX
obbemoB V; TeTpasapoB C HEKOTO-
pon ob6uwew BepwnHon O 1 C OCHO-
BaHUSIMW Ha COrNacoBaHHO OPUEH-
TUPOBAHHbLIX FPAHSAX MHOTOrpaHHU-
ka, T.e. V(P)=%,V, (cymmnpoBaHue

|i|
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Mo BCEM rpaHAM MHOrorpaHHuka).
HeTpygHo nokasatb, YTO 3Ha4yeHue
OpUEeHTUpOBaHHOTo obbema Ha ca-
MOM [Jene He 3aBMCMT OT BbiGopa
Toykn O, M OnNA MHOrOrpaHHUKOB
6e3 camonepeceyvyeHuin 0600LeH-
Hblh 00beM coBnagaeT ¢ Ux obblY-
HbIM OPMEHTUPOBAHHLIM 06bEMOM.
AcHo, 4TO 0606WEHHBIN 0Obem
MOXeT OblTb paBHbIM, B YaCTHOCTH,
U Hynto.

OTBeT nogckasbiBaeT

dopmyna
[epoHa—TapTanbsa

lMpuBenem HekoTopble coobpa-
XEHMWs, nerwme B OCHOBY Hallero
nogxoda kK npobneme “Ky3HeYHbIX
mexoB”. CHayana nocmMoTpuM, Kak
MOXHO BbIYUCMATL 0O6bEMbI Npo-
CTENLWNX MHOTOrpaHHMKOB.

Obvrem mempasdpa. Hanom-
HUM, YTO MO U3BECTHOW copmyne
lepoHa nnowapb S TpeyronbHUKa
BblpaXKaeTcs Yepes ANUHbI ero cTo-
POH a, b, c paBeHCTBOM

16S% = (2a%b? + 2a%c? + 2b%*c* — —a* -
b* — ¢*).

CywecTByeT 0606LleHne 3TON
dopmynbl, nossonsillee BblYUC-
nnTb 06beMm TeTpasgpa yepes Anu-
Hbl ero pebep: ecnu y TeTpasgpa
(puc.4) anuubl pebep pasHbl I, I,
s, ls, Is, s, TO npna ero obvema V
BepHa opmyna®

V2= A144-[I 217 + 12 + 17 +
+ 2= 12— 12) + 2212 + 12 +
+ 12 12— 12— 12) + 1AL+
12+ 124 + [2 = 12 =12) — 1222 —
= LA — 122 — 1276 (1)

O6006LWeHHbIN 06bem V yemsbi-
pexyzonbHoU nupamuasbl (puc.5) c
TPUaHTYyNMPOBaHHbLIM OCHOBaHMEM
MOXHO BbIYMCNUTbL Kak anrebpau-
yeckyt cymmy obbemoB V, TeTpas-

apa Apip.ps u V., TeTpasgpa
Apipsp.:
V= ViV, O V¢ 2(VAHVAV? +

+(V12—V22)2 =0,

n Tak Kak Vi* n V,? BblpaxatoTtcs no

dopmyne (1) 4yepe3 KBagpaThl
ONVH COOTBETCTBYHOLWMX pebep, TO
ans obobuweHHoro obbema V ye-
TbIPEXYroNbHON Nupamuabl UMeem
nofiMHOMMUanbHoe ypaBHEHWE:!

QV) = Vi + +a,()V2 + ay(l) =
= 0. (2)

Takum obpasom, B NpoCcTenLInx
cnyvyasx o6o6ueHHble 06beMbl
MHOFOrpaHHMKOB — KOPHMW MOMNHO-
MUanbHbIX ypaBHEHUN C Koaddpu-
LMeHTaMu, KoTopble He 3aBUCAT OT
pacnonoXeHuss BepLWUH MHOro-
rpaHHMKa B NpOCTpaHCTBe, a npes-
CTaBnAT cobOW MHOroYneHbl OT
KBagpaToB ANWH ero pebep. Yuc-
noBble KOAPMPULMEHTbI 3TUX MHO-
rounieHoB 3ajatoTcsi KombuHaTop-
HbIM CTPOEHWEM MHOrOrpaHHuka,
T.e. Y MHOTOrpaHHUKOB C OAMHAKO-
BbIM CTpPOEHMEeM ypaBHeHMe [Ans
0606LweHHOro obbema OypmeT of-
HUM 1 TEM Xe.

Btopoe HabniogeHue 6Gonee
TOHKOEe, W 3a HeJocTaTkOM MecTa
Mbl NUWb BKpaTLE M3M0XUM €ero

Puc.4. OpueHmupogaHHbIU
mempasdp — aneMeHmapHas
ueypa 0na Haxox0eHuUs
obobueHHoeo obrema
MHO202paHHUKa.

° VicTopusa nonyyeHns atoi hopmMynbl 3aciyxusa-
€T OTAenbHOro pacckasa; 34eCb Mbl OTMETUM
Tonbko, yto yxe B XVI B. H.Taptanest ymen Bbl-
yncnaTb 06bem TeTpasapa Yepes AnvHbl ero pe-
6ep, NoaTomy, Ha Haw B3rnsag, dopmyny (1) ucto-
puyecky crnpaBefnvBo Obino Obl HasbiBaTb op-
mynon lepoHa—TapTanbs, 4TO Mbl U OTPa3Unu B
noA3arosioBKe.

CyTb. VI3 ogHOM n TOW xe pa3BepT-
KM MOXHO CKNeuTb, BOOOLLIE roBO-
P, MHOrO pasHbiX MHOFOrpaHHu-
koB. MoXHO nokasaTb, YTO cpeawu
HUX Heusrnbaembie cOCTaBMAT
KOHEYHOEe MHOXecTBO, a u3rmbae-
Mble (eCnu OHKM ecTb) pasbusatoTca
TOXe Ha KOHEYHoe 4ucrno ce-
MeNCTB, Kaxdoe W3 KOTOpbIX CO-
CTOWT W3 MHOrOrpaHHUKOB, MNOINy-
YaeMmblx Apyr u3 gpyra usrnbanu-
eM. 3HauuT, ecnu runotesa “Kys-
HEYHbIX MEXoB” BepHa, TO MHOXe-
CTBO 3HayeHUN oObLEMOB BCeXx
MHOFOrpaHHUKOB, WMELWMX AaH-
Hoe KOMOWHaATOpHOE CTpOeHue "
OaHHbIN Habop anuH pebep, QomxX-
HO ObITb KOHEYHbIM.

p1 p4

Ps

P>

Puc.5. YembipexyeonbHas
nupamuda ¢ pa3bueHuem Ha 0ea
mempasdpa.

OcHoBHasa Teopema u
ee cnencTeus

Ha ocHoBaHuu aTux Habnwoae-
HUI ecTeCTBEHHO ObINIO Npeanono-
XWUTb, YTO NyTb pelleHus npobne-
Mbl “KYy3HEYHbIX MexoB” He Hapfo
Uckatb B Y3KUX YCNOBMSIX CaMOW
3ajadyu, Korga maTtemaTuyecku
OYeHb TPYAHO BbIpa3uTb U TeM 60-
nee ncrnonb3oBaTb CBOWCTBO U3ru-
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6aemMoCTM uccnegyeMmoro MHOro-
rpaHHMKa, a Hago MonbITaTbCs YC-
TaHOBWUTb “KOHEYHO3HA4YHYl 3aBu-
cumocTh” obbema 106020 MHOrO-
rpaHHMKa OT ero MeTpukn n kKombu-
HaTOpHOro cTpoeHus. Takoe npea-
noxeHue ObINO BMeEpBLIE BbiCKasa-
HO aBTOpOM elle B 1989 . n 3atem
peanuaoBaHo B cepun ero pabot’ B
1995—1996 rr. B okoH4aTenbHOM
BMOe OCHOBHasi Teopema 06 obbe-
MEe MHOrorpaHHuKoB opMynunpy-
eTcs Tak.

Teopema. lNyctb [P] — MHOXe-
CTBO BCEX MHOrOrpaHHuWKoB B R®,
nMewwmnx oamHakoBoe KombuHa-
TOPHOE CTpOeHne K n ognMHaKoBbIN
Habop anuH pebep (h, ..., l.), roe
e — uucno pebep. Torga MOXHO
yKa3aTb HEKOTOPbIA MHOTFOYNEH:

Q(V) = V" + g, V"2 + . + a2+
+ ay, (3)
Takon, 4Yto 0600WEHHbIN 00bem

Kaxgoro MHororpaHHuka u3 [P] sB-
nAeTcs KOPHeM 3TOro0 MHOrounexa,
B KOTOPOM KO3a(pduumeHThl a; (1 < i

< N) CcaMyn ABNAKTCA MHOro4neHa-

mun ot (/% ..., ) C YANCNOBBIMU KO-
apmumneHtTamu, 3aBucaAwMMU OT
KOMOMHATOPHOrO CTPOEHUS MHOrO-
rpaHHuKa.

M3 aTon TeopeMmbl BbITEKalT
[Ba OYEBUIHbIX CIeACTBUS.

CnepctBue 1. MHOXeCTBO 3Ha-
YyeHun 0606 EeHHbIX 0O0BEMOB BCEX
N30METPUYHbBIX Mexay coboi MHo-
roOrpaHHMKOB C AaHHbIM KOMOWHa-
TOPHbEIM CTPOEHMEM U C [OaHHbIM
HabopoM ANuH pebep KOHEYHO.

CnepgctBue 2. O606LWEHHbIN
o6beM n3rnbaemoro MHoOrorpaHHu-
ka B xoae unsrnbaHua octaetcs no-
CTOSIHHbIM.

[enctBntenbHO, C OAHOW CTO-
POHbI, 06bEM MHOrorpaHHuka npu
NM3rmbaHnuM [ONXKEH WU3IMEHSTbCS
HenpepbIBHO, @ C APYron — NpUHU-
MaTb NULIb KOHEYHOe YUCno 3Ha-
yeHuii. Oboum ycnosusm ygoBne-
TBOpPSAET NULWb PYHKUUSA, NPUHUMA-
folaa NoCTosiHHOe 3HayeHue, no-
3TOMYy YTBEPXAEHUE TUMNOTE3b

"Cabutos W.X. // Ycnexu mar. Hayk. 1995.
T.50. Ne2. C.223—224; OH xe // ®yHpam. n
npukn. matematuka. 1996. T.2. Ne4. C.1235—
1246.

“Ky3He4yHbIX MexoB” — npocToe
cneacTBMe OCHOBHOW TeopeMbl,
KOTOpYl0 eCTECTBEHHO WHTepnpe-
TupoBaTb kak obobuieHne cdopmy-
nol FepoHa—TapTanbs ons obbe-
Ma TeTpasapoB Ha 06beMbl 00X
MHOTOrpaHHMKOB.

OTmeTuM, 4TO Teopema BepHa
W ONs MHOTOrPaHHUKOB C HeTpey-
rOflbHbIMU TPaHSMW — BeAb Kax-
AYI0 TBEpAyK rpaHb MOXHO pas-
OuUTb cucTemoln puaroHanem Ha
TpeyronbHble rpaHu.

30eCb Mbl, KOHEYHO, HE MOXEM
uanaratb [okasaTenbCTBO Teope-
Mbl, CKaXeM NULLb, YTO OHO KOHCT-
PYKTMBHOE U NPOBOAUTCH METOAOM
MHOYKUMM NO YWUCNy BEPLIMH W MO
TOMOMOrM4YECKOMY poay MHOro-
rPaHHWKOB, MpPUYEM YyKa3biBaeTcs
SIBHbIA anropuTMm MOCTPOEHUS UC-
KOMOTO NMONMHOMMANbHOro ypaBHe-
HUA [N MHOFOrpaHHUKOB, Hayu-
Hasa C NPOCTbIX CMy4YyaeB U Nepexo-
08 NocTeneHHo K 6onee CNoXHbIM
KOMOMHATOPHLIM TUNam. basoit uH-
aykuum cnyxut dopmyna (1) ans
obbema TeTpaagpa.

Heckonbko nos3xe amepuKkaH-
ckne matematukm P.KoHHennu u
A.Banblu TOxe Jgokasanu cyuwecT-
BOBaHWE TaKOro MHOroyneHa, oT-
npaBnssiCb OT TEX Xe reomMeTpuye-
CKUX WAEW, YTO M aBTOp B CBOWX
paboTax, HO UCNoNb3ya ApPYron an-
rebpavyeckun annapat. Ix metoq
JaeT TONbKo cam hakT CyLlecTBoO-
BaHus TpebyeMoro MHorouvneHa,
HO He yKkasbiBaeT cnocob ero nocT-
poeHus.

Mpumepsl

MepBbIn npumep — 93TO, KO-
HEeYHO, MHorouyneH (1) gns obbe-
ma TeTpasgpa. OH nmeeT gBa Kop-
HSA, COOTBETCTBYyKLIME [OBYM pas-
HbIM BbiOOpam opuveHTauuu TeTpa-
aapa. OTO ypaBHEHUE COOEPXUT
23 moHOMa (cnaraembix).

BTopoit npumep paetcs 6ukea-
[ApaTHbIM ypaBHeHueMm (2), coaep-
Xallum yxe 0KONo ABYX TbiCAY MO-
HOMOB.

Cnegywowunii nNo  CMOXHOCTK
MHOTOFpaHHUK — 3TO OKTadjp,
UMEKLWMIA WeCcTb BEPLIMH (cny4yan
NATUYTONbHON MUpaMuabl ¢ Tpems
TpeyronbHUKamm B OCHOBaHWUW 4Yu-

TaTtenb MOXeT nerko pasobpaTb
cam — [0IXeH NOoMNy4YnTbCs MHOrO-
yneH cteneHun 8). MHorouneH ans
obbema okTasgpa, nonyvyaembli
no meToAy foKasaTenbCcTBa OCHOB-
HOW TeopeMbl, WMeeT CTeneHb
1024=2". Ero BnepBble Hawmna Ok-
caHa [laBnoBa B CBOeW AWUNNIOM-
Hon pa6oTe B 1991 r. Bnocneacrt-
Bun A.B.AcTpenuH n aBtop npega-
NOXWNN HOBbLIA cnocob nocTpoe-
HUS MHOro4YfieHa, W cTeneHb no-
cnepHero okasanacb 16 (aktnue-
Ckn 8, Tak Kak B HEM TONbKO YeT-
Hble cTeneHn obbema).

Kak npumep, npuBefeM MHOro-
yneH ans obbema GpuKapoBCKOro
okTasgpa 1-ro Tuna. MycTb Ha n3o-
GpaxxeHHoW Ha puc.1 kombuHaTop-
HOI CXeMe OKTadapa 3ajaHbl kBafj-
paTtbl AnuH pebep:

(AB)2=(ABz)2‘a,( ) =
b, (NBy)* = (S
(NB)2=(SB)2=d(
= (SA,)* = e, (NA,)* =

o

Torga ypasHeHue (3) ana obbema
nmeeT BUA:

Q(v)=vt—4[ab(c+d+e+f—- —

-b)+tcdla+t+b+e+f-c—- —
d+effatb+c+d-e—-f- —
eac — fad — fbc — ebd]v' = 0

3pecb nonoxeHo v = 36V
Cpean aTux OKTad4poB eCTb OKTa-
aapbl Bpukapa, n HyneBomn KopeHb
v = 0 COOTBETCTBYET UMEHHO UX
0606L1eHHOMY 006beMy, HO ecTb U
Hensrnbaembll ¢ HEHyneBbIM 0b6b-
eMoM.

Onsa oktasgpa B obuwem nono-
XeHun (T.e. ¢ 12 pasHbiMu GyKBeH-
HbIMW 3HavyeHUAMU AnuH pebep)
MHOTOYMIeH MUHMManbHOW CTEneHu
AN obbema CoOepXUT YyXe He-
CKOMbKO MunnunoHos (!) cnaraemeix,
M NO3TOMY BbiNUCaTb ero B obuiem
BMAE, KOHEYHO, Henb3s. Ho pabo-
TaTb C HAM MOXHO: Bbl BBOAUTE KOH-
KpeTHble YWUCNEeHHble 3HayYeHus
AnnH pebep, 1 KomnbloTep BblgaeTt
MCKOMbIN MHOrouneH Ans obbema c
YUCINEHHBIMW 3Ha4YeHUAMU Koapdu-
LuneHToB. BOT npumep Takoro BbI-
YNCNEHNS, BbINOMHEHHbIA CTydeH-
ToMm MIY Cepreem MwuxanesbiM.
Mycte AnuHbl pebep okTasgpa 3a-
AaHbl Tak:

|i|
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(NA,)=41, (NB,)=34
(NB,)=26, (SA,)*=52, (SB )= 45
(SA.)?=40, (SB,)=37, (A:B,)*=

(B,A.)’=13, (A,B,)=5, (BZA )2—17

, (NA,)?=29,

Torga nonyyaem cnegytoliee
ypaBHeHue ana obbema (NonoxeHo
v=36V?):

V¢ — 97600V + 2150278656 —
—14733233766400v° +
+28949731124248576v* —
—16429559369328230400v° +
+2673932358387945701376v* —
—135342229652751620505600v +
+1546362629160356875862016 = 0.

OHO umMeeT BOCEMb KOpHeW [16,
64, 144, 576, 1936, 7744, 17424,
69696], kKoTOpble COOTBETCTBYHOT
16 o6bemam (Co 3HaKoM *) BOCbMMU
peanbHO CYLLECTBYHOLMX OKTalfa-
pPOB C yKaszaHHbIMWU ANUHaAMKU pe-
6ep. CnepgoBaTtenbHO, AN OKTa’g-
poB cTeneHb 16 MWHUMarbHO
BO3MOXHas Ans mHorouyneHa Q(V),
Tak Kak HW OAWH MHOTOYMEH cTene-
HW MeHblle 16 He MOXeT UMeTb B
KayecTBe CBOMX KOpHeN Bce aTn 16
3Ha4yeHMn 06 bEMOB N3OMETPUYHBIX
OKTa34poB.

Y10 panbe?

MonyyeHHoe 0606uieHne dop-
Mynbl FepoHa—TapTanbs OTKpbI-
BaeT COBEPLIEHHO HOBblE BO3MOX-
HoCTW ANns paboTbl C MHOTOrpaHHu-
kamu. Mpexae Bcero, He UMes aa-
e CaMoro MHoOrorpaHHuka, a 3Has
TONbKO €ro HaTypanbHyl pa3BepT-
Ky (pasBepTka HasblBaeTcsd Hary-
panbHOW, ecnu BCe TPeyrofbHUKM
pasBepTKM, U TONbKO OHU, CYTb By-
Ayline rpaHu MHOTorpaHHuKa), mbl
MOXEM COCTaBUTb ypaBHeHue (3)
ansa obbema 1 ewle 40 NOCTPOEHUS
MHOrorpaHHuka ckasaTb, YTO 3Ha-
yeHne ero obbema [OMKHO ObITb
cpen KOpHe# 3TOro MHOrouvneHa.
Bonee Toro, ecnu okaxetcs, 4TO
ANS BbIMMCAHHOTO MHOTOYNEeHa Bce
ero KopHum V? — oTpuuartenbHble
UMM KOMMNIEKCHbIE YWucra, 3HaYuT,
M3 Takon pa3BepTKM Henb3s CKie-
UTb HU OOHOr0 MHOTOrpaHHuKa.
MTtak, y Hac ecTb cnocob npose-
pUTb, MOXHO N NOCTPOUTb MHOTO-
rpaHHMK No 3apaHee 3agaHHOW Ha-

TypanbHON pasBepTKe, TOMbKO Ha
OCHOBE BbIYMCIEHUS KOPHEN MHO-
royneHa gns obbvema.

[anee, MOXHO BbIBECTU ypaB-
HeHWs, nossonswwue B ob6LWeEM
cnyyae onpepenaTb ABYrpaHHble
yrnbl MeXAay CKneuBaeMbiMWU rpa-
HAMMW. BO3MOXHbBIX 3HAYEHUN 3TUX
YyrnoB OKa3blBaeTCs KOHEYHOe Ync-
Nno; NOCTPOEHWEe MHOrorpaHHuka
Mo ero rpaHsM Ha Kaxgom Lare
CBOAMTCS K npaBunbHomy Bbibopy
yrna mexpay CKnevBaembiMu rpa-
HAMM, U NO3TOMY nyTem XoTsa Obl
nepebopa BapuaHTOB Mbl UK
CKNEeWM MHOTOrpaHHUK Mo ero Ha-
TypanbHOW pasBepTke, unu ybe-
OUMCH B HEBO3MOXHOCTM 3TOrO.
Takum o6pasom, OTKpbiBaeTcs
NyTb anropuTMMYECKOro pelleHus
3aja4n 0 NOCTPOEHUU MHOrorpaH-
HUKa MO ero HaTypanbHOW pas-
BepTke. Bce aTm onepauunm no
aHanoruy ¢ N3BeCTHbIM TEPMUHOM
‘pelleHne TpeyronbHMKOB” noruy-
HO Ha3BaTb “peleHMeM MHOro-
rPaHHMKOB”, HO TOSMbKO, KOHEYHO,
C TNpUMMEHEHUEeM KOMMNbITEPOB.
MpaBpa, BbIYUCMEHWS HACTOMNbLKO
6onblwmne, YTO MOLWHOCTM MNepco-
HanbHbIX KOMMbITEPOB MNOKa He
XBaTaeT pJaxe Ans Toro, 4tobsbl
HaAaNTW MHoOrovneH pans ob6bema
MHororpaHHuka WTtedeHa. Tem He
MeHee BaXHO, YTO 3ajadun meTpu-
YEeCKON reomMeTpunM MHOrorpaHHu-
KOB Tenepb CTAHOBATCA KOHEYHO-
BblYUCMIUMBIMKU B MpuUHUMNE, MO
KpaiHel mepe B TOM Xe cMbIcne,
B KakoM LluaxmaTtbl SIBNSAKTCA KO-
HEYHOW UrpOoWN.

MHoroob6ewarwmmm Kaxyrcs
Takxe BO3MOXHble MPUMEHEHUSN
o06o6uweHns cdopmynsl epoHa—
TapTtanbsg B ecTecTBO3HaHun. Ha-
npuMep, B MONEKYNAPHON XUMUu
CTPYKTypa MOMeKyn onpeaensercs
CBA3SAMU MeXAy atoMamu, ANUHbI
KOTOPbIX YacTO NOCTOSHHbI, U MO-
3TOMYy CBSI3¥ MOTYT uUrpatb poflb
pebep. 3Has UX ANUHbI, MOXHO 3a-
paHee npeaBUAETb BO3MOXHOE
CTPOEHME MOornekynbl, ee 00bem,
pasmepbl U T.A4., YTO AACT LEHHYI0
UHOopMaLno O CBONCTBAX UCKYC-
CTBEHHO cO3JaBaeMoro marepua-
na. ®unsnka TBEpPAOro Tena, Kpuc-
Tannorpadus, Teopusa pacTBoO-
poB — BOT Apyrue noteHunanbHble
obnactu npumeHeHwus. [lo-Buaun-

MOMY, U camMu narnbaemble MHOro-
rPaHHUKM — UX CMNOCOGHOCTb W3-
MeHATb (hOpPMy C COXpaHeHuem
BHYTPEHHEro paBfieHus un obbe-
Ma — 00s3aTenbHO OOMKHbI HANTH
Kakme-HUbyAb  NpUMeEHeHUs B
CNOXHbIX KOHCTPYKUMSAX, Hanpu-
Mep B npubopax, B opuUrnHanbHbIX
UrpyLlkax, B XMTPOYMHbIX OObek-
Tax gv3anHa u 1.4.

BmecTte ¢ Tem, B noaTtBepxae-
Hue CneHcepy, Mbl BUAUM, YTO HO-
BOE 3HaHWe MPUHOCUT Maccy Ho-
BbIX BonpocoB. [pexae Bcero —
CaMbli MHTEpPEeCHbIN Ang maTema-
TMKOB — 3TO Npobnema nonyyeHus
MHOrouneHa gna obbema MHOro-
rPaHHMKOB B MHOTOMEPHOM MpPOCT-
paHCTBE; OHa HEOXMAAHHO oOKasa-
nacb OYeHb TPYAHOW, U 34ecCb Noka
nosnyyeHbl TONMbKO CaMble NepBble
pesynetatbl. HoBas obwunpHas 06-
nacTb UccnefoBaHuUi — u3yyeHue
anrebpanyvyecknx CBOWUCTB MHOrO-
yneHa ana obbema. Tak, No-Buau-
MOMY BEPHO criefyloliee yTBepXx-
O€eHne: ecrnn MHOTOrpaHHUK M3ru-
baem, TO 3HayeHme ero obbema
ABNSAETCS KpaTHbIM KOPHEM MHOTO-
yneHa ans obvema (B npuBedeH-
HoW cbopmyne ansa obvema Gpuka-
pPOBCKOro OKTasgpa 3To Tak). Bep-
HO N1 3TO Ha camom aene? B yem
CMbICI nopsiika KpaTHOCTM KOPHS?
Asnsetrca nu kaxgbli HeoTpuua-
TenbHbI KOPeHb MHOroyseHa Be-
NMYnHoM obbema kakoro-nnb6o
OEWCTBUTENbHO CyLLIEeCTBYHOLEro
MHoOrorpaHHuka? B 4yem cwmbicn
KOMMIIEKCHbIX W OTpuLaTeNnbHbIX
KopHen MHorouneHa? Kak Hantu
KaHOHMYECKUIA MHOroYneH Hau-
MeHblen cteneHn? (Cenyac Mbl
ymMeeM fenatb 3TO TONbKO ANSA
MHOTOrpaHHUKOB C Tononorueu
cepbl.) KakoBbl Te 3aKOHbl B Ha-
weM mupe, KoTopble fonyckawT
BO3MOXHOCTb Takux gedopmaunn®
MHOrorpaHHuka? 3TOT CMUCOK BO-
NMPOCOB MOXHO NPOAOMKaTh U Npo-
aonxaTb.

..B T0 xe camoe Bpems, korga s
npoynTan CrneHCepoBCKOE CpaBHe-
HVWe pas3BUTUS MO3HaHUS C pacluu-
pstowenca cdepon, S npuwen K
YHbINIOMY 3aKMto4YeHuto, 4YTO 4YeMm
6onblue Mbl y3Haem, Tem Oonblie
NosiIBNAETCSA HOBOW HEU3BECTHOCTH,
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Tak Kak nnowagb rpaHuubl wapa
3HaHWI pacTeT C pOCTOM ero paauy-
ca. Ho s oveHb ObICTPO Halen on-
TUMUCTUYECKUA BbIXOA M3 3TOrO
neccuMmncTnyeckoro HabnogeHus.
Ecnn pasgenutb cymmy npuobpe-
TEHHOro 3HaHuMa — 00beM wWwapa —
Ha KOnn4yecTBO HOBOW HEN3BECTHOC-
™M — nnowapgb cdepbl, — TO 3TO
OoTHOLeHWe ByneT pacTu ¢ yBenuye-
HMem paguyca. BoT Mbl U umeem
YMO3pUTESNbHbIA apryMeHT, ornpas-
ObIBaOLWMIA 3aHATUSA HAYKOW: OEeNCT-
BWTEMbHO, Ha MNepBbI B3rNA4 Ka-
XeTcs, 4To YeM Bonblue Mbl 3HaeM,
Tem Bonblue Mbl He 3HaeM, HO B OT-
HOCMTENbHOM CpPaBHEHNW Macca Ha-
WKX NpMoBpeTeHHbIX 3HaHWN MOHO-
TOHHO pacTeT N0 CPaBHEHMWIO C He-
3HaHWeM (a TOT haKT, YTO He3HaHue
3a npegenamu cdepbl 3HaHWN Bce
paBHO ocTaeTcsi 6ECKOHEYHbIM, Hac
He OOMKHO OYeHb TPEBOXWTb, Tak
KaK 9T0 — He3HaHue, 0 KOTOPOM Mbl
BoOOLLEe HMYEro He 3HaeM, U OHO
Hac 3MOLMOHaNbHO He Tporaer).
HecomHeHHO, u HoBasa d¢opmyna
Ana obbema MHoOrorpaHHuka, Ha ca-
MOM ferie oTpaxarlias HekoTopble
rnyOMHHbIE CBOWCTBA OKpYXXatoLero
Hac Mupa, O4YeHb CKOPO [OJIKHa
AaTb HOBble 3HaHWs 06 3TOM Mupe.

Pa6oTa BbinonHeHa npu du-
HaHcoBoM noapepxke Poccum-
ckoro ¢oHpga dyHAamMeHTanb-
HbiX uccnegoBaHun. [paHTbI

JleTom oxupaeTcs yBenuyeHue
yucna necHblx noxapos B MaragaH-
ckon obn., MOTOMY YTO CHera 3a 3umy
Bbinano Bcero 30 % OT HOpMbl BMeC-

TO 06bIYHbIX ABYXCOT
BIrTPK. “Bectn”, 21.6.1999

YHWKanbHYyl Haxogky — WCCOX-
Wyt Koxypy 6aHaHa — obHapyxunu
apxeonorn npu packonkax B UCTOpU-
yeckon yacTtu JloHgoHa (toxHee JloH-
AoHckoro mocta). OHa Haxogunach B
MYCOPHOW SiMe, BbIKOMaHHON elle BO
BpEMeHa npaBneHuss guHactum Tio-
nopos. lNMo3gHee AMoi He nofb3oBa-
NINCb U CaMO MECTO HUYEM He 3aHu-
manu. BospacTt Haxogku oOLeHeH B
NATb CTONETUi, T.e. 6aHaH Gbin cbe-
[€EH 3a KOponeBCKUM cTonom [eHpu-
xa VIII. Mockonbky nnog aToT 9K30TU-

93-01-00154, 96-01-00836, 99-
01-00867. m

& 3amMeTnMm, YTO B TPEXMEPHOM ChepnyeckoM npo-
CTpaHCTBE (C MONOXWUTENBHOW NOCTOSIHHOW Kpu-
BM3HOIA) 3TO He Tak: Kak nokasan B.A.AnekcaHp-
pOB, TaM €CTb W3rnbaemble MHOTOrpaHHUKA C 13-
MeHsIIoLLMMCS 06beMoM.

yeckuht M B AHrnuio GaHaHbl cTanu
NpuMBO3UTb TONbKO B Hayane XIX B.,
MUCTOPUKN U apXxeornoru 3afalTcs BO-
NpoCcoOM: Kakol mopennaBaTefb MOr
OOCTaBUTb 3Ty 3K30TUKY K KOpOneB-

ckomy cTony?
Terre Sauvage. 1999. Ne143. P.18
(PpaHuus).

dupma “Christies”, Toprytowas
npegMmeTaMum MUCKyccTBa M MUCTOPUW,
BbICTaBMMa Ha Mpodaxy BeLliu, CBS-
3aHHblEe C HayanoM 3pbl OCBOEHWS
KocMU4Yeckoro npoctpaHctea. Cpeau
HUX — OpaHXeBbli HENNOHOBbLIN
KOMOVHE30H — OOWH W3 [eBATU, B
KoTopblx B 1960 r. TpeHupoBanuchb
COBETCKME KOCMOHaBTbl, COBEPLUUB-
wue 3ateM opbuTanbHbIV NoneT Ha
Kopabne “BocTok-1”, nmo HavyanbHON
ueHe “Bcero” 250 Tbic. Aonn.; YyacTtb

ckadaHgpa, KoTopbln 6bin Ha acTpo-
HaBTe “AnonnoHa-15" [x.UpBuHe Bo
BpeMs ero Bbixogda Ha JlyHy (90 Thic.
gonn.); kyoa gewesne, B 2.5 ThiC.
[ONn., OUueHeHa YacTb M3onAuuu oT
UNNlMUHaTopa KoOMaHZHOro oTceka
“AnonnoHa-14", xoTa Ha HEN K ocTa-
BN CBOW aBTorpad acTpoHaBT
3.Mwutyenn; 3a 4 TbiC. JONM. MOXHO
npnobpecTun CTpaHUYKy U3 MONETHOIO
nnaHa nepBOro mnyHHoOro kopabns
“AnonnoH-11".

Pasymeetcs, B xoge camoro ayk-
LMOHa LeHbl mogyac 3Ha4yuMTenbHO

BO3pacTator.
Science. 1999. V.285. Ne5432.
P.1351 (CLWLA).
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